Neutron matter presents a unique system in chiral effective field theory (EFT), because all many-body forces among neutrons are predicted to next-to-nextto-next-to-leading order (N 3 LO). We discuss perturbative and first Quantum Monte Carlo (QMC) calculations of neutron matter with chiral EFT interactions and their astrophysical impact for the equation of state and neutron stars.
Chiral EFT and many-body forces
Chiral EFT describes the interactions between nucleons at momentum scales of the order of the pion mass Q ∼ m π based on the symmetries of QCD [1, 2] . The resulting nuclear forces are organized in a systematic expansion in powers of Q/Λ b , where Λ b ∼ 500 MeV denotes the breakdown scale, leading to a typical expansion parameter Q/Λ b ∼ 1/3 for nuclei. At a given order this includes contributions from one-or multi-pion exchanges that govern the long-and intermediate-range parts and from short-range contact interactions. The short-range couplings are fit to few-body data and thus capture all short-range effects relevant at low energies.
In particular, chiral EFT provides a systematic basis to investigate many-body forces and their impact on few-and many-body systems [3] . In addition, it is possible to estimate theoretical uncertainties in the EFT. An important feature of chiral EFT is the consistency of two-nucleon (NN) and three-nucleon (3N) interactions. This predicts the two-pion-exchange parts of the leading (N 2 LO) 3N forces, leaving only two low-energy couplings c D , c E that encode pion interactions with short-range NN pairs and short-range three-body physics. At the next-order, all many-body interactions are predicted parameter-free with many new structures [1] . This makes the application of N 3 LO 3N and 4N forces very exciting. This is especially the case, because 3N forces have been found to be key for neutron matter [4] and for neutron-rich nuclei [3, 5] , see, e.g., the recent work on the calcium isotopes [6, 7, 8, 9, 10] .
Neutron matter from chiral EFT interactions
The physics of neutron matter ranges from universal properties at low densities [11, 12] to the densest matter in neutron stars. For neutrons, the c D , c E parts of N 2 LO 3N forces do not contribute due to the Pauli principle and the pion coupling to the nucleon spin (also the c 4 two-pion-exchange part does not contribute due to the isospin structure) [4] . Therefore, all three-and four-neutron forces are predicted to N 3 LO. To study these, we recently presented the first calculation of the neutron-matter energy that includes all NN, 3N, and 4N interactions consistently to N 3 LO [13, 14] . The largest contributions to the neutron-matter energy arise from NN interactions. In Refs. [13, 14] we studied the perturbative convergence of all existing NN potentials at N 2 LO and at N 3 LO of Epelbaum, Glöckle, and Meißner (EGM) [15, 16] with cutoffs Λ/Λ = 450/500, 450/700, 550/600, 600/600, and 600/700 MeV, where Λ andΛ denote the cutoff in the Lippmann-Schwinger equation and in the two-pion-exchange spectralfunction regularization, respectively; as well as the available N 3 LO NN potentials of Entem and Machleidt (EM) [2, 17] with cutoffs Λ = 500 and 600 MeV.
To study the perturbative convergence of the different NN potentials, we calculated the Hartree-Fock as well as second-and third-order energies, only including particle-particle diagrams, with both free and Hartree-Fock single-particle energies. The results for NN and N 2 LO 3N forces are shown in Fig. 1 for the perturbative NN interactions for a 3N cutoff Λ = 2.0 fm −1 and a particular choice of c 1 = 0.75 GeV −1 , c 3 = 4.77 GeV −1 , although the general picture is unchanged for other coupling values. The bands result from using a free to a Hartree-Fock single-particle spectrum. The N 3 LO EGM potentials with cutoffs 450/500 MeV and 450/700 MeV exhibit only small energy changes from second to third order. This indicates that these potentials are perturbative for neutron matter. For the EM 500 MeV potential the difference between second and third order is larger compared to the EGM potentials. Since this potential is most commonly used in nuclear structure calculations, we include it in our complete N 3 LO calculation. The perturbative convergence for these potentials in neutron matter is similar to renormalization-group-evolved interactions in nuclear matter [18] . We have also studied in Fig. 1 the POUNDerS N 2 LO NN potential [19] , which is found to be perturbative as well. In addition, there are in-medium chiral perturbation theory schemes that treat the Fermi momentum as an explicit scale [20, 21] .
The larger-cutoff N 3 LO EGM 550/600 MeV and 600/600 MeV potentials as well as the EM 600 MeV potential are not used in our calculations because they show large changes from second to third order [14] . This demonstrates that these interactions are nonperturbative. The N 3 LO EGM 600/600 MeV potential is not used because it breaks Wigner symmetry (C T = 0) at the interaction level (as discussed in Ref. [14] ).
The subleading N 3 LO 3N forces have been derived recently [22, 23] . They can be grouped into five topologies, where the latter two depend on the NN contacts C T /S :
V 2π , V 2π-1π , and V ring denote the long-range two-pion-exchange, the two-pion-onepion-exchange, and the pion-ring 3N interactions, respectively [22] . The terms V and V 1/m are the short-range two-pion-exchange-contact 3N interaction and 3N relativistic corrections [23] . The N 3 LO 4N forces have been derived in Refs. [24, 25] and in general depend on the contact C T , but in neutron matter the C T -dependent parts do not contribute. There are seven 4N topologies that lead to non-vanishing contributions. In neutron matter only two three-pion-exchange diagrams (in Ref. [24] named V a and V e ) and the pion-pion-interaction diagram (V f ) contribute [13] . The N 3 LO many-body interactions are evaluated in the Hartree-Fock approximation, which is expected to be reliable for neutron matter [4] . We show the individual contributions of the 3N and 4N forces in Fig. 2 , where the bands correspond to the 3N/4N cutoff variation Λ = 2 − 2.5 fm −1 . The N 3 LO two-pion-exchange expectation value (panel 1) sets the expected scale of N 3 LO 3N interactions. Compared to this, we find relatively large expectation values in the V 2π-1π , V ring , and V 2π-cont topologies. This could indicate that in these topologies ∆ contributions shifted to N 4 LO are expected to be important [14, 26] . The 3N relativistic corrections and the contributions from N 3 LO 4N forces are small (see also Ref. [27] ). However, also for 4N forces additional larger contributions from ∆ excitations may arise at N 4 LO [28] . The complete N 3 LO result for neutron matter is shown in the left panel of Fig. 3 , which includes all NN, 3N, and 4N interactions to N 3 LO [13] . At saturation density, we obtain for the energy per particle E/N = 14.1 − 21.0 MeV. This range is based on different NN potentials, a variation of the couplings c 1 = −(0.75 − 1.13) GeV −1 , c 3 = −(4.77−5.51) GeV −1 [26] , which dominates the total uncertainty, a 3N/4N-cutoff variation Λ = 2 − 2.5 fm −1 , and the uncertainty in the many-body calculation. The neutron-matter energy in Fig. 3 is in very good agreement with NLO lattice results [29] and QMC simulations [12] at very low densities (see also the inset). At nuclear densities, we compare our N 3 LO results with variational calculations based on phenomenological potentials (APR) [30] , which are within the N 3 LO band, but do not provide theoretical uncertainties. In addition, we compare the density dependence Neutron-matter energy per particle E/N as a function of density n including NN, 3N and 4N forces to N 3 LO for the given EM/EGM NN potentials [13] . The bands include uncertainty estimates due to the many-body calculation, the low-energy c i couplings, and by varying the 3N/4N cutoffs. For comparison, results are shown at low densities (see also the inset) from NLO lattice [29] and QMC simulations [12] , and at nuclear densities from variational [30] and Auxiliary Field Diffusion MC calculations (GCR) [31] based on phenomenological potentials. Right panel: Neutron-matter energy per particle at N 2 LO (upper blue band that extends to the dashed line) and N 3 LO (lower red band) [13] . The bands are based on the EGM NN potentials and include the same uncertainty estimates.
with results from Auxiliary Field Diffusion MC (AFDMC) calculations (GCR) [31] based on nuclear force models adjusted to a symmetry energy of 32 MeV.
We also compare the convergence from N 2 LO to N 3 LO in the same calculational setup. For this comparison, we only consider the EGM potentials with cutoffs 450/500 MeV and 450/700 MeV. This leads to an N 3 LO energy range of 14.1 − 18.4 MeV per particle at n 0 . For the N 2 LO band in the right panel of Fig. 3 , we have estimated the theoretical uncertainties in the same way, and find an energy of 15.5 − 21.4 MeV per particle at n 0 . The two bands overlap but the range of the band is only reduced by a factor of 2/3 in contrast to the 1/3 expected from the EFT power counting. We attribute this to ∆ effects (see the discussion in Refs. [13, 14] ).
QMC calculations with chiral EFT interactions
Quantum Monte Carlo methods have not been used with chiral EFT interactions due to nonlocalities in their present implementation in momentum space. Nonlocalities are difficult to handle in QMC [32] . In the momentum-space interactions, there are two sources of nonlocalities: first, due to regulator functions that lead to nonlocal interactions upon Fourier transformation, and second, due to contact interactions that depend on the momentum transfer in the exchange channel k and from k-dependent parts in pion-exchange contributions beyond N 2 LO. For applications in QMC, we have developed local chiral EFT interactions in Ref. [32] .
To avoid regulator-generated nonlocalities for the long-range pion-exchange parts, we use the local coordinate-space expressions for the LO one-pion-exchange as well as NLO and N 2 LO two-pion-exchange interactions [33, 34] and regulate them directly in coordinate space using the function f long (r) = 1 − e −(r/R0) : Neutron-proton phase shifts as a function of laboratory energy in the 1 S 0 , 3 P 0 , 3 P 1 , and 3 P 2 partial waves in comparison to the Nijmegen partial-wave analysis (PWA) [35] . The LO, NLO, and N 2 LO local chiral potential bands are obtained by varying R 0 between 0.8−1.2 fm (with a spectral-function cutoff Λ = 800 MeV) [32, 36] .
unchanged [32] . So, R 0 takes over the role of the cutoff Λ in momentum space.
To remove the k-dependent contact interactions to N 2 LO, we make use of the freedom to choose a basis of short-range operators in chiral EFT interactions (similar to Fierz ambiguities). At LO, one usually considers the two momentum-independent contact interactions C S + C T σ 1 · σ 2 . However, it is equivalent to choose any two of the four operators ½, σ 1 · σ 2 , τ 1 · τ 2 , and σ 1 · σ 2 τ 1 · τ 2 , with spin and isospin operators σ i , τ i , because there are only two S-wave channels due to the Pauli principle. It is a convention in present chiral EFT interactions to neglect the isospin dependence, which is then generated from the exchange terms [15, 16, 17] .
We use this freedom to keep at NLO (order Q 2 ) an isospin-dependent q 2 contact interaction and an isospin-dependent (σ 1 · q)(σ 2 · q) tensor part in favor of a nonlocal k 2 contact interaction and a nonlocal (σ 1 · k)(σ 2 · k) tensor part. This leads to the following seven linearly independent contact interactions at NLO that are local [32] ,
where the only k-dependent contact interaction (C 5 ) is a spin-orbit potential. The low-energy couplings C S/T at LO plus C 1−7 at NLO and N 2 LO are fit in Ref. [36] for different R 0 to the NN phase shifts of the Nijmegen partial-wave analysis [35] at laboratory energies E lab = 1, 5, 10, 25, 50, and 100 MeV, using a local regulator. The reproduction of the isospin T = 1 S-and P-waves is shown order by order in Fig. 4 , where the bands are obtained by varying R 0 between 0.8−1.2 fm and provide a measure of the theoretical uncertainty. At N 2 LO, an isospin-symmetry-breaking contact interaction (C nn for neutrons) is added, which is fit to a nn = −18.8 fm. As shown in Fig. 4 , the comparison with NN phase shifts is very good for E lab 150 MeV. This is similar for higher partial waves and isospin T = 0 channels. In cases where there are deviations for higher energies (such as in the 3 P 2 ), the width of the band signals significant theoretical uncertainties due to the chiral EFT truncation at N 2 LO. The NLO and N 2 LO bands nicely overlap or are very close, but it is also apparent that the bands at N 2 LO are of a similar size as at NLO. This is because the width of the bands at both NLO and N 2 LO shows effects of the neglected order-Q 4 contact interactions. Since nuclear forces contain quadratic spin, isospin, and tensor operators (of the form σ α i A αβ ij σ β j ), the many-body wave function cannot be expressed as a product of single-particle spin-isospin states. All possible spin-isospin nucleon-pair states need to be explicitly accounted for, leading to an exponential increase in the number of possible states. However, the AFDMC method [37] is capable of efficiently handling spin-dependent Hamiltonians. AFDMC rewrites the Green's function by applying a Hubbard-Stratonovich transformation using auxiliary fields to change the quadratic spin-isospin operator dependences to linear. For the case of neutrons, it is also possible to include spin-orbit interactions and 3N forces in AFDMC nonperturbatively [38, 39] .
In the left panel of Fig. 5 we show first AFDMC calculations for the neutronmatter energy with local chiral EFT NN interactions at LO, NLO, and N 2 LO [32] . At each order, the full interaction is used both in the propagator and when evaluating observables. The bands in Fig. 5 give the range of the energy obtained by varying R 0 between 0.8 − 1.2 fm, where the softer R 0 = 1.2 fm interactions yield the lower energies. At LO, the energy has a large uncertainty. The overlap of the bands at different orders in Fig. 5 is very systematic. In addition, the result that the NLO and N 2 LO bands are comparable is expected from the discussion of the phase-shift bands in Fig. 4 and from the large c i entering at N 2 LO. Our AFDMC results provide first nonperturbative benchmarks for chiral EFT interactions at nuclear densities. We have performed perturbative calculations as in the previous section based on the same local N 2 LO NN interactions. The perturbative energies are compared in the right panel of Fig. 5 to the AFDMC N 2 LO results. For the softer R 0 = 1.2 fm (Λ ∼ 400 MeV) interaction, the third-order corrections are small and the perturbative third-order energy is in excellent agreement with the AFDMC results, while for the harder R 0 = 0.8 fm (Λ ∼ 600 MeV) interaction, the convergence is clearly slow. This is the first nonperturbative validation for neutron matter of the possible perturbativeness of low-cutoff Λ ∼ 400 MeV interactions [40] .
Astrophysical applications
The symmetry energy S v and its density derivative L provide important input for astrophysics [41] . To calculate these, we follow Ref. [42] . The predicted ranges for The S v and L ranges are in very good agreement with experimental constraints from nuclear masses [43] and from the dipole polarizability of 208 Pb [44] , see the left panel of Fig. 6 . In addition, they also overlap with the results for RG-evolved NN interactions with N 2 LO 3N forces [41, 42] , but due to the additional density dependences from N 3 LO many-body forces, the correlation between S v and L is not as tight. The neutron-matter results also provide constraints for equations of state for corecollapse-supernova simulations. In the right panel of Fig. 6 , we compare the N 3 LO neutron-matter band (red band) to the Lattimer-Swesty (LS) equation of state [45] (with different incompressibilities 180, 220, and 375 MeV), which is most commonly used in simulations, and to different relativistic mean-field-theory equations of state based on the density functionals DD2 [46] , FSU2.1 [47] , NL3 [48] , SFHo, SFHx [49] , and TM1 [50] . At low densities only the DD2, FSU2.1 and SFHx equations of state are consistent with the N 3 LO neutron-matter band. The NL3 and TM1 equations of state have a too strong density dependence, which leads to unnaturally large S v and L values. In addition, Fig. 6 exhibits a strange density dependence of SFHx.
Next, we use the N 3 LO neutron-matter results to provide constraints for the structure of neutron stars. We follow Refs. [42, 51] for incorporating beta equilibrium and for the extension to high densities using piecewise polytropes that are constrained by causality and by the requirement to support a 1.97 ± 0.04 M ⊙ neutron star [52] (see also the recent 2.01 ± 0.04 M ⊙ discovery [53] ). In addition, we consider the case, if a 2.4 M ⊙ neutron star were to be observed. The resulting constraints on the neutron star mass-radius diagram are shown in Fig. 7 by the red bands. The bands represent an envelope of a large number of individual equations of state reflecting the uncertainties in the N 3 LO neutron-matter calculation and in the polytropic extensions to high densities [42, 51] . The combination with the 2 M ⊙ neutron star (left panel) predicts a radius range of 9.7 − 13.9 km for a 1.4 M ⊙ star [14, 42] . The maximal neutron star mass is found to be 3.1 M ⊙ , with a corresponding radius of about 14 km. We also this work c a u s a l i t y Figure 7 : Constraints on the mass-radius diagram of neutron stars based on our neutron-matter results at N 3 LO following Ref. [42, 51] for the extension to neutronstar matter and to high densities (red band), in comparison to the constraints from calculations based on RG-evolved NN interactions (thick dashed blue lines) [42] . We also show the mass-radius relations obtained from the equations of state for corecollapse supernova simulations shown in find very good agreement with the mass-radius constraints from the neutron-matter calculations based on RG-evolved NN interactions with N 2 LO 3N forces [42] , which are shown by the thick dashed blue lines in the left panel of Fig. 7 .
In addition, we show in Fig. 7 the mass-radius relations obtained from equations of state for core-collapse supernova simulations [45, 47, 48, 49, 50, 54, 55] . The inconsistency in Fig. 6 of many of the equations of state with the N 3 LO neutronmatter band at low densities results in a large spread of very low mass/large radius neutron stars, where the red band is considerably narrower in Fig. 7 . For typical neutron stars, our calculations rule out the NL3 and TM1 equations of state, which produce too large radii. Finally, we have also explored the constraints from N 3 LO calculations for the chiral condensate in neutron matter [56] .
